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Concept of Experimental Accuracy and
Simultaneous Measurements of Position and
Momentum
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The concept of experimental accuracy is investigated in the context of the unbiased
joint measurement processes defined by Arthurs and Kelly. A distinction is
made between the errors of retrodiction and prediction. Four error—disturbance
relationships are derived, analogous to the single error—disturbance relationship
derived by Braginsky and Khalili in the context of single measurements of position
only. A retrodictive and a predictive error—error relationship are also derived.
The connection between these relationships and the extended uncertainty principle
of Arthurs and Kelly is discussed. The similarities and differences between the
quantum mechanical and classical concepts of experimental accuracy are explored.
It is argued that these relationships provide grounds for questioning Uffink’s
conclusion that the concept of a simultaneous measurement of noncommuting
observables is not fruitful.

1. INTRODUCTION

Notwithstanding the fundamental importance of the uncertainty princi-
ple, there is still, as Hilgevoord and Uffink (1990) have remarked, a great
deal of discussion about what it actually says. The purpose of this paper is
to add a few additional points to the discussion. We are particularly concerned
with the idea that the uncertainty principle represents a constraint on the
accuracy achievable in a simultaneous measurement of position and
momentum.

The form of the uncertainty principle given in most modern textbooks
is the inequality
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AxAp = (1)

NS IS

where the quantities Ax, Ap are defined in terms of the state of the system

) by

Ax = QN = WX Ap = JUIpAIy — (Ulp Iy 2)

The first general proof of inequality (1) was actually given by Kennard
(1927), not Heisenberg. We will accordingly refer to this form of the uncer-
tainty principle as Kennard’s inequality.

The proof of Kennard’s inequality is based on the fact that (pl}) is the
Fourier transform of {xI\s). In his original paper, and again in his Chicago
lectures, Heisenberg (1927, 1930) also gave another, quite different argument
involving a y-ray microscope. On the basis of this argument he interpreted
Ax and Ap as experimental errors or inaccuracies . He thereby suggested that
the uncertainty principle should be understood to mean, in the words of Bohm
(1951), “If a measurement of position is made with accuracy Ax, and if a
measurement of momentum is made simultaneously with accuracy Ap, then
the product of the two errors can never be smaller than a number of order
#” (Bohm’s emphasis). Heisenberg himself did not state the matter quite so
plainly; however, one has the impression that he would have concurred with
the above statement of Bohm’s had it been put to him. The question arises:
is this a valid interpretation of Kennard’s inequality? The question has been
discussed by Ballentine (1970), Wodkiewicz (1987), Hilgevoord and Uffink
(1990), Raymer (1994), and de Muynck ez al. (1994). We will here confine
ourselves to remarking that the quantities Ax and Ap defined by Equations
(2) cannot be interpreted as experimental errors in anything like the normal
sense of the word because they only depend on the state ). They are thus
intrinsic properties of the isolated system. An experimental error, by contrast,
ought to depend on the state of the measuring apparatus, as well as the state
of the system. In other words, it should partly depend on quantities which
are extrinsic to the system.

Suppose that in Heisenberg’s microscope gedanken experiment, one
were to make the microscope go out of focus. This should have the effect
of increasing the error in the measurement of x. But it will have no effect
on the quantity Ax, since this only depends on the initial state of the particle
whose position is being measured.

These considerations do not mean that the statement of Bohm’s quoted
above is incorrect. They do, however, mean that it is not a consequence of
the inequality proved by Kennard. Rather, it represents (if true) an independent
physical principle. For the sake of distinctness let us give it a name: the
error principle.
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The problem we now face is that whereas there exists a rigorous mathe-
matical proof of Kennard’s inequality, the status of the error principle is much
more ambiguous. Indeed, the very meaning of the concepts involved—the
concept of a simultaneous measurement of position and momentum, and the
concept of experimental accuracy—continues to be the subject of discussion.

One approach to the problem is that based on the concept of a “fuzzy”
or “stochastic” measurement, due to Prugovecki (1984), Holevo (1982), Busch
and Lahti (1984), Martens and de Muynck (1992), de Muynck et al. (1994),
and others [for additional references see the works just cited and Uffink
(1994)]. Uffink (1994) has identified a number of objections to this approach.
His conclusion is “that the claim that within this formalism a joint unsharp
measurement of position and momentum . . . is possible is false”. Moreover,
he doubts whether matters could be remedied by adopting a different approach.
He considers that “the formalism of quantum theory, as presented by von
Neumann, simply has no room for a description of a point measurement of
position and momentum at all”—not even a less than perfectly accurate
joint measurement.

We acknowledge the force of Uffink’s arguments. Nevertheless, we are
unwilling to accept his analysis as the last word on the subject. In the first
place, ordinary laboratory practice depends on the assumption that it is possi-
ble to make simultaneous, imperfectly accurate determinations of the position
and momentum of macroscopic objects. If it is true that quantum mechanics
does not allow for the existence of such measurements, then one of two
things would seem to follow: either normal laboratory practice is based on
a misconception, in which case much of the evidential basis for modern
physics (including quantum mechanics) would simply collapse; or else quan-
tum mechanics does not apply on the macroscopic scale. In short, Uffink’s
conclusion has some fairly momentous consequences. This is not, of course,
a reason for rejecting Uffink’s conclusion. It is, however, a reason for reexam-
ining the question, to see if there is some way of avoiding his conclusion.

In the second place, a number of authors (Arthurs and Kelly, 1965;
Braunstein et al., 1991; Stenholm, 1992; Leonhardt and Paul, 1993; Torma
et al., 1995) have described several specific processes which might be
described (and which they do describe) as simultaneous measurements of
position and momentum. Their work is logically independent of the work
criticized by Uffink, and it is therefore not open to the same objections.
Indeed, Uffink explicitly states that he does not mean to impugn the approach
of these authors (although he does question whether it is “fruitful” to interpret
the processes they describe as simultaneous measurements of noncommut-
ing observables).

Within the context of their approach Arthurs and Kelly (1965) have
derived an “extended” or “generalized” uncertainty principle (also see Wodkie-
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wicz, 1987; Arthurs and Goodman, 1988; Raymer, 1994; Leonhardt and Paul,
1995). Let Apxr (respectively Appr) be the standard deviation for the outcome
of the measurement of x (respectively p). Then, subject to certain restrictive
assumptions regarding the nature of the measurement process, Arthurs and
Kelly show

A},fo AHP{ =h 3)

where we have employed a different notation from that of Arthurs and Kelly
(the reasons for this notation will become clear in the next section).

The quantities Apxr and Appr are not interpretable as experimental
errors. However, they do depend on the initial state of the apparatus, as well
as the initial state of the system. Moreover, the increase in the lower bound
set by inequality (3) as compared with Kennard’s inequality can be taken as
a quantitative indication of the noise introduced by the measurement. So,
although this relation cannot be regarded as a quantitative expression of the
error principle (the statement of Bohm’s quoted above), it may at least be
regarded as a step in that direction.

Another relation relevant to our problem is the one derived by Braginsky
and Khalili (1992), in the context of single measurements of position only.
Braginsky and Khalili define a quantity AXmeasure, representing the error in
the measurement of x, and a quantity Apperurbation » representing the disturbance
of the conjugate quantity p, and they show

1
h

4)

Axm easure Ap pertubation =

S}

provided that the measurement is of the special kind which they describe as
linear. Their inequality does not refer to simultaneous measurements of posi-
tion and momentum, and only one of the two quantities on the left-hand side
is interpretable as an experimental error. However, its existence encourages
us to believe that a similar approach might prove fruitful in the problem of
interest here.

The purpose of this paper is to combine and to develop the approaches
of Arthurs and Kelly on one hand and of Braginsky and Khalili on the other
in an attempt to find a precise, quantitative expression of the error principle
as stated by Bohm in the passage quoted above.

The result of our analysis is to show that there are in fact two different
error principles, corresponding to the predictive and retrodictive aspects of
a measurement process as discussed by Hilgevoord and Uffink (1990) (also
see Prugovecki, 1973, 1975). In addition, we derive four error—disturbance
relationships (in place of the single relationship derived by Braginsky and
Khalili).
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The six inequalities which we derive in the following sections, together
with Kennard’s inequality, gives a total of seven inequalities. If our analysis
is correct all of these inequalities are needed to capture the full intuitive
content of Heisenberg’s original paper.

2. THE ARTHURS-KELLY PROCESS

We begin by considering a specific example of a simultaneous
measurement process, namely the process described by Arthurs and Kelly
(1965) (also see Braunstein e al., 1991; Stenholm, 1992). Suppose that
we have a system interacting with a measuring apparatus, or meter. The
system has one degree of freedom, with position x and conjugate momentum
p. The measuring apparatus has two degrees of freedom, comprising two
pointer observables [ix, flp with conjugate momenta ftx, ftp. The pointer
observables [ilx, [lp give the result of the measurement. We have the
commutation relations

X, p] = [fix, fix] = [ftp, tp] = ik

these being the only nonvanishing commutators between the six operators x,
p, [ix, ftx, fip, fp.
The unitary evolution operator describing the measurement interaction is

U= exp[—

Suppose that the system + apparatus composite is initially in the product
state [\ X ¢,,), where I\ is the initial state of the system and l¢,p) is the
initial state of the apparatus. The probability distribution for the result of the
measurement is then given by

S I

(fiop + fwé)]

p(ux, wp) = Jd)d()@ WUx, HP|U|\JI b ¢ap>|2

In order to describe the experimental errors, and the disturbance of the
system by the measurement process, it is convenient to switch to the Heisenb-
erg picture. Let @ be any of the operators x, p, fix, tx, fip, ftp. We then
define the initial Heisenberg picture operator O; and final Heisenberg picture
operator Or by

©i - @
0r = U'o0
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It is readily found that
x=U0X0=x+ fip
pr=U'pU =p — fix
fxe = U'xU = fix + X + & fp (5)
fier = U0 = fip + p — 3 fix
fixe = UhxU = fix
ftpr = U'pU = ftp

We now define the retrodictive error operators

A, A o

EXi = HUXf — X

. . . (6)
€pi = Upr — pi
the predictive error operators
Exr = flxr — X
. . . (7)
€pr = Upr — Pr
and the disturbance operators
Sx = )2{ - )2{
®)

Op = ﬁf - ﬁi
The motivation for these definitions will be clearest if we think, for a moment,
in classical terms. In that case &xi, &pi give the difference between the final
pointer positions and the initial system observables xi, pi. In other words they
tell us how accurately the result of the measurement reflects the initial state
of the system, before the measurement was carried out, which is why we
refer to them as retrodictive error operators. On the other hand &xr, &pr
give the difference between the final pointer positions and the final system
observables xr, pr. They therefore tell us how accurately the result of the
measurement reflects the final state of the system, after the measurement has
been completed, which is why we refer to them as predictive error operators.
Lastly, Ox, Op give the difference between the final system observables xr, pr
and the initial system observables xi, pi. They therefore describe the distur-
bance of the system by the measurement process.

Of course, we are actually talking about quantum mechanics, not classical
mechanics. Our definitions therefore raise some important conceptual ques-
tions. We do not wish to minimize these questions. We do, however, wish
to defer discussing them until after we have derived some quantitative formu-
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las. It is to be observed that whatever the precise conceptual or philosophical
status of the quantities just introduced, they are well defined mathematically.

In order to obtain numerical indications of the accuracy and disturbance
we take the rms values of the operators just defined. We thus have the rms
errors of retrodiction

Acix = \/NI X ¢ap|8X1|‘y X ¢ap>

Acip = NI R Quplebily X dap) ®
the rms errors of prediction
Actx = U & dapleXel & dap) (10)
Acp = N R daplebdV X )
and the rms disturbances
Ax = U & GuplSX Y X §p) a1

Adp = \/(‘Jf & ¢ap|812’NI Y ¢ap>

The above definitions apply to any measurement process. Let us now
specialize to the case of the Arthurs—Kelly process. Inserting (5) in the
defining equations (6)—(8) gives

&xi = fix + +7tp, &xr = fix — 2 ftp, dx = ftp (12)
gpi = flp — %f'tx, Epr = [1p + %f'tx, Op = —tx
It is to be observed that the error and disturbance operators only depend on
the pointer positions and momenta. It follows that the rms errors and distur-
bances as defined by equations (9)—(11) are independent of the initial system
state. This is, of course, a peculiarity of the Arthurs—Kelly process. We do
not expect it to be true generally.
Using equations (12), we find

[&xi, &pi] = —ih, [&xi, Op] = —ih, [8x, &ri] = —ih  (13)
[Exr, &ef] = th,  [Exp Op] = —ih,  [Ox, &pf] = —ih
these being the only nonvanishing commutation relationships between mem-
bers of the set &xi, &pi, Exr, Epr, 8x, Sp. Taking this result in conjunction with
the defining equations (9)—(11), we deduce, a retrodictive error relationship

AeiXAeip = (14)

(SRS

a predictive error relationship
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Aefoefp =

(SRS

(15)

and four error—disturbance relationships

1

AaxAap = ? AcipAox = ? AxAgp = ? ActpAax = ? (16)
Equations (14) and (15) together constitute a quantitative expression of the
semiintuitive error principle, as stated by Bohm (1951) in the passage quoted
earlier. Equations (16) provide a quantitative expression of the principle that
an increased degree of accuracy in the measurement of one observable can
only be achieved at the expense of an increased degree of disturbance in the
canonically conjugate observable.

The reason one needs two inequalities to capture the full content of the
error principle is the fact that one has to distinguish the errors of prediction
from the errors of retrodiction. In classical physics it is not usually necessary
to emphasize this distinction. This is because in classical physics the distur-
bance of the system by the measurement can in principle be made negligible.
In quantum mechanics, however, the backreaction of the apparatus on the
system is very important. As a result, the distinction between the two kinds
of error is also essential. In fact, it is an immediate consequence of the
definitions that

Ox = Bxi — Bxr
O = &pi — Epr
It follows that if the disturbances cannot be assumed to be negligible, then
neither can the difference between the retrodictive and predictive errors.
The reason that there are four error-disturbance relations in our analysis,
but only one in the analysis of Braginsky and Khalili is first, that Braginsky
and Khalili do not consider simultaneous measurements of x and p and
second, that they only consider the error of retrodiction (as we have termed it).
Arthurs and Kelly consider an initial apparatus state with wave function
of the form
_2 Lo, Ao
(1x, HP|¢ap> - \/Z eXp _kz HUx — i Hp

The reader may easily verify that for this choice of |{,,) the errors are given by

Aeix = Aefx = %
Aeip = Aefp =2

\2A



Accuracy and Simultaneous Measurement 1499

We see that the apparatus states considered by Arthurs and Kelly minimize
both the product Aeix Acip, and the product Aepx Aerp. In other words, they
maximize both the retrodictive and the predictive accuracy of the
measurement.

3. UNBIASED MEASUREMENTS

After introducing the particular process which we discussed in the last
section, Arthurs and Kelly (1965) go on to define a general class of measure-
ment processes. They show that their extended uncertainty principle, relation
(3) above, holds for every process in this class (also see Arthurs and Goodman,
1988). It is natural to ask whether the error—error and error-disturbance
relations (14)-(16) also generalize.

As before, the system is assumed to interact with a measuring apparatus
characterized by two pointer observables [ix, [lLp which commute with each
other and with the observables being measured x, p. However, the apparatus
may now have additional degrees of freedom apart from these two.

Let U be the unitary evolution operator describing the measurement
interaction, and define error and disturbance operators as in the last section.
Arthurs and Kelly assume that the evolution operator U and initial apparatus
state |¢,p) are such that

W X ¢ap|ple| X ¢ap> =y X ¢ap| xl & ¢ap>
<‘JI X ¢ap|pLPf| ‘JI X ¢ap> = <‘JI X ¢ap| ﬁl' ‘JI X ¢ap>

uniformly, for every initial system state [\). In our terminology this condition
amounts to the requirement that there be no systematic errors of retrodiction:

(U X Daplexil U X bapy = 0
<‘JI ® ¢ap|:9Pi| ‘J/ ® ¢ap> =0

for all ). We will accordingly refer to such a measurement as refrodic-
tively unbiased.

It is natural also to impose the requirement that the measurement be
predictively unbiased:

(17)

(18)

<‘JI ® ¢ap|:9xf| ‘JI ® ¢ap> =0
<‘JI ® ¢ap|:9Pf| ‘JI ® ¢ap> =0
for all ).
‘We now show that all six of the error—error and error—disturbance rela-

tions (14)—(16) continue to hold for every measurement which is both retrodic-
tively and predictively unbiased. We will do so by using a method similar
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to the one used by Arthurs and Kelly to prove their extended uncertainty
principle (3).
We begin with the predictive error relationship. We have
X, pr] = U7X, p1 U = ik
This is the only nonvanishing commutator between members of the set xr,
Dr, fixr, [pr. Therefore
[Exr, Eer] = [(fxr = Xp)y(for — pp] = ik
We deduce

1

&m&wzg

We made no use of the assumption that the measurement is unbiased in
deriving this inequality. The predictive error relationship therefore holds
quite generally. The remaining relationships mix Heisenberg picture operators
defined at different times, and for these we must work a little harder.

Given an initial system state ), let ') = x;[\). If the measurement
is retrodictively unbiased, we then have, from the proposition proved in
the Appendix,

(W X daplexinil U X dap) = (U & duplexil ' X hapy = 0 (19)

Similarly
W & haplxigxil U X dapy =0 (20)

and

W X duplexipil U X Gup) = (U X daplpixil W & hap) = 0

U & dapleritil U & dap) = (U & haplxieil ¥ & o) = 0

U X daplepipil U X up) = (U X duplpipil U X oy =0
Using these equations and the definitions of &xi, &pj, it is readily inferred that

W& ol [5i rxe ]V Ry =0, (U X dapllfxe, pillV X dapy = ih(m
WX GupllXi, for I X by = ih, (U X upl[frer, pi] IV X dapy = 0
which, together with the fact that ixr and [ipr commute, implies
W X dapl[Exis Bl & bap) = (U X Gupl[(ixr — %), (for — p)] X dap)

— 1

— —lh

for all ). Consequently



Accuracy and Simultaneous Measurement 1501

1

AcixAeip z:§ (22)

In proving this inequality, we only used the assumption that the measurement
is retrodictively unbiased. The retrodictive error relationship is therefore valid
under the same set of assumptions which Arthurs and Kelly make in order
to prove their extended uncertainty principle.

Suppose, now, that the measurement is both retrodictively and pre-
dictively unbiased. Then, by an argument similar to that used in proving
equations (21), we find

W X dapl[xi, xe] W X dap) = 0,
U X dupllxr, pillV X dap) = i
W X upl[i, pll X o) = i,
U X dupllpe, piIV X upy = 0

Therefore
W R pl[Bais Sl % dap) = (U X pl[(frar = %), (Br = POIV X o)
= —ih
Similarly
U R dapl[Exr, Op]IY & o) = — i
and
W X Paplleei, ST X up) = i
W X upllErr, SxIN X hup) = i
Hence
AixAgp = %, A, pAax = %, AepxAap = §, AcspAox = % (23)

It would be interesting to see if one can remove the restriction to measurement
processes which are retrodictively unbiased [in the case of inequality (22)],
or retrodictively and predictively unbiased [in the case of inequalities (23)].

4. THE ARTHURS-KELLY PRINCIPLE AND RELATED
INEQUALITIES

For the sake of completeness we briefly indicate the connection between
the inequalities proved in the last section and the extended uncertainty princi-
ple of Arthurs and Kelly (1965).
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Suppose that the measurement is retrodictively unbiased. Then
U X dapl fixil X o) = (W X ol X ¢
In view of equations (19) and (20) we also have
W X Gapl PXeY X hap) = (W X Papl (i + 8x0)* N & o)
= (WX Pl X dup) + U X hapl&kily X )
Using equations (17) and (18), we deduce
(Apx)® = (Ax)? + (Aeix)’ (24)

where Apixr, Ax; represent uncertainties calculated in the usual way, according
to the prescription of equation (2). Similarly

(Aper)® = (Api)* + (Aeip)’ (25)

We see that Aeix and Aeip determine the increases in the variances of the
distribution of results, as compared with the intrinsic variances of the initial
system state.

Equations (24) and (25), together with Kennard’s inequality (1) and the
retrodictive error relationship (22), imply

(Apx)*(Ape)® = (Axi)* + (Aex))(Api)* + (Acip)?)

12
- )2 o e :
=", (Ax)” + (Aeiv) )((Axi)2 " (Aeix)z)

_ 111._2 !Ax!z !Aeix!2
! (2 * (Aeix)? * (Ax))?
> 42 (26)

which is the extended principle of Arthurs and Kelly.
If the measurement is both retrodictively and predictively unbiased we
can also prove, by a similar argument,

(Ax)> = (Ax)* + (Aax)’

27
(AP)* = (Ap)* + (Ap)’ D

showing how the mean square disturbances determine the extent of the
increase in the system state variances. These inequalities do not imply an
increase in the lower bound on the product AxiAp; because the disturbances
can both be made arbitrarily small (at the expense of making the measurement
very inaccurate). The lower bound for the final system state uncertainties is
therefore the same as that for the initial state ones, namely
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1
n

AXf Apf =

o

On the other hand, the lower bound on the products Ax; Appr and Apxr Apr
is larger than the one set by Kennard’s inequality. In fact, (24), (25), and (27),
together with the error-disturbance relations (23) are readily seen to imply

Axe AHP{ >h
AHXf Apl Z;L

5. THE QUESTION OF INTERPRETATION

We now come to the question which we have been ignoring up to now.
We have been referring to the quantities Acix, Acip, Acrx, Acrp as experimental
errors and the quantities Agx, Aqp as disturbances. Is this terminology
really justified?

Let us begin with the quantities Aex, Aep. The observables fix, fipr, X¢
commute, and can therefore be simultaneously determined with arbitrarily
high precision. Alternatively, one may determine the values of [ixr, [Lpr without
perturbing xr. We may therefore envisage a procedure, in which one first
makes a highly accurate determination of the meter readings and then checks
the value of [ixr by making an (immediately) subsequent highly accurate
determination of xr. Suppose that one takes numerous copies of the system,
all prepared in the same state, performs this procedure on each of them, and
calculates the rms value of the differences uxr — xr. Then, provided that the
verification of X¢ is carried out immediately after the determination of fixr,
[tpr, the quantity which results will almost certainly be no larger than an
amount ~Agrx.

We can equally well envisage a procedure in which one makes a second,
verificatory measurement of pr immediately after recording the meter read-
ings. If one repeated this procedure many times, then the rms value of the
differences ppr — pr would almost certainly be no larger than an amount
NAefp.

Suppose, now, that one has recorded the meter readings to be Lixs, Lpr.
What can be deduced about the likely state of the system? It is, of course,
impossible to check the values of both xr and pr to arbitrarily high precision.
It is, however, possible to counterfactually say that if one were to make a
single, immediately subsequent high precision measurement of xr, then the
result would typically differ from pxr by an amount ~Aerx. It is also possible
to counterfactually say, that if one were to make a single, immediately
subsequent high precision measurement of py, then the result would typically
differ from ppr by an amount ~Ap. There is therefore a well-defined sense
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in which it may justifiably be said that in recording the meter readings pxr,
Lipr, one has simultaneously determined the final values of the position and
momentum of the system to accuracy *Aex and +Aerp respectively.

The interpretation of the quantities Acix, A p is less straightforward.
This is because the observables x; and fipr do not commute. Nor do the
observables p; and [ixr [see equations (21) in the last section]. This means
that the act of making a precise determination of the meter readings [ixr, [Lpr
precludes one from making a precise determination of the values of either
xi or pi. It follows that in the case of the quantities Acix, Aci p we cannot carry
through an analysis analogous to the one given in the preceding paragraphs for
Aefxa Aefp«

There is an obvious physical reason why one might expect the concept
of retrodictive error to be more problematic than the concept of predictive
error. The effect of carrying out a measurement and recording the meter
readings is (as we have seen) to put the system into a state such that its final
position and momentum are confined, with high probability, to a localized
region of phase space. However, this is an effect produced by the measurement
process itself. If the uncertainties of the initial system state are large, then
the initial values of the position and momentum will be quite indeterminate.
In such a case the concept of retrodictive error does not really make sense.
At least, the concept does not make sense if it is defined in anything like
the classical manner.

Classically, one thinks of the retrodictive error as the difference between
the result of the measurement and the value which the quantity being measured
did take before the measurement was carried out. In quantum mechanics,
however, the quantity being measured may not have had a well-defined
initial value.

Nevertheless, there is at least one situation in which it is possible to
attach a meaning to the concept that is similar to the meaning which it has
in classical physics. In Section 1 we stated that one of the reasons that an
error principle is needed is to justify the assumption (which plays an essential
role in experimental physics) that it is normally possible to determine both
the position and momentum of a macroscopic object to within a very small
percentage error. Suppose that it is a measurement such as this which is in
question. Then it will usually be reasonable to assume that the initial system
state is a localized wave packet. In other words, the uncertainties Axi, Ap;
may be assumed to be small. The purpose of the measurement is to determine
the mean values x; = (UIxilW) and pi = (Ulp;I\y. If the measurement is retrod-
ictively unbiased

<‘J/ ® ¢ap|pLXfN/ ® ¢ap> = ;i
<‘J/ ® ¢ap|pll’f|‘l/ ® ¢ap> = ;i
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In view of equations (24) and (25) we then have
W X hapl(frxr — x)* W X dapy = (Apxn)® = (Ax)* + (Aeix)’
W X ¢ap|(lll’f - Zi)2 Iy X ¢ap> = (Alfll’f)2 = (Api)2 + (Aeip)z

It follows that the process determines the values of x;, p; up to.an uncertainty
of ++/(Ax)? + (Aeix)* in the determination of x;, and +~/(Ap)* + (Aeip)?
in the determination of p;. The quantities Acix, Acip represent the parts of
the total error which arise from the measurement process itself, as opposed
to the intrinsic uncertainties of the initial state. In other words, they represent
the experimental errors.

If the initial system state is not a localized wave packet, then the classical
or ordinary intuitive concept of retrodictive error does not apply. One should
realize, however, that this has nothing especially to do with the fact that
we are considering simultaneous measurements of position and momentum.
Exactly the same problem arises when interpreting the quantity AXmeasurement
defined by Braginsky and Khalili (1992) for single measurements of position
only. It is a simple consequence of the fact that quantum mechanical observ-
ables need not take determinate values. This feature of the quantum mechani-
cal theory of measurement is sometimes expressed by saying that we create
the value by the act of measuring it.

Although they are then not interpretable as errors in the classical sense,
the quantities Acix, Acip are still defined when the initial system state does
not take the form of a localized wave packet. Furthermore, they still play a
role in characterizing the “goodness” or “faithfulness” of the measurement.
Suppose, for instance, that the initial system state is a superposition of a
finite or countable number of well-separated, localized wave packets:

Wy =3 calgtn)

n

In this expression |y and the ly,) are all assumed to be normalized. Define
Xin = Ol X 1o
;in = <Xn| ﬁ |Xn>

and

Ix = min |}in - ;im|
n¥Fm

Ip = min |_in - _in|
P n#Fm 4 Pim
For the sake of simplicity assume that the states ly,) all have the same

intrinsic uncertainties Gx, Op:
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ox = VOl ¢ = Xin)?l 1)
or = Nl (P = pin)*l A

for all n. The assumption that the wave packets are well separated means
that ox << Ix and op << /p. We then have

<Xn | Xm> ~ 8nm

and
Zlc,,l2 ~ 1

Now surround each point (xi,, pi,) With a region R, whose dimensions are
large compared with the intrinsic uncertainties Gx, Op, but small compared
with the minimum separations /x, /p:

R = {(x, p) € R Ix— Xl < dx, Ip — ;ml < dp}

where ox << dx << Ix and 6p << dp << Ip. Suppose that we also have
Aeix << dx and A.ip << dp. In view of (28), the function I{x, px, pelU 1%
& (apyl® is then concentrated on the set R X %,,. Hence

~

dx dux dup (x, px, pelU 1, X dap)l* ~ 3,

Jrxa,

Consequently

dx d}lx d}lp |(x, HUx, HP|U|\J/ ® ¢ap>|2 =~ |Cn|2
RXR,,

J

In words: the probability that the final pointer positions will be in the vicinity
of the point (X, i) is approximately lc,|?, provided that the rms errors of
retrodiction are sufficiently small.

This result may be regarded as a generalization of the following well-
known fact regarding measurements of a single, discrete observable A. Let
la) be the eigenstate of A with eigenvalue a, and suppose that the system is
in the state

Wy = > cla)
Suppose that one performs a perfectly precise measurement of 4. Then the
probability of recording the value  is l¢,|*. The analogy between this proposi-
tion and the result just proved lends some support to the suggestion that
processes of the kind described by Arthurs and Kelly may be regarded as
simultaneous measurements of noncommuting observables.
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Finally, let us consider the interpretation of the quantities Aqx, Aqp.
Suppose that the measurement is both retrodictively and predictively unbiased.
By an argument similar to the one leading to equations (28) we find

U R Papl(xr — %)* W X ) = (Axr)” = (Axi)* + (Aax)’
W R dupl(pr — )V X dup) = (App)* = (Ap)* + (Aap)’

where X, pi are the expectation values of x;, pi, as before. The effect of the
measurement process on the system state is to leave the expectation value
of X (respectively p ) unchanged, while increasing the variance by an amount
(Agx)? [respectively, (Aqp)*]. There is thus a well-defined sense in which the
quantities Aqx, Aqp provide a numerical indication of the extent to which
the measurement disturbs the state of the system.

6. CONCLUSION

Does quantum mechanics allow for the existence of simultancous mea-
surements of position and momentum? We can see no clear objection to the
use of the term “measurement” to refer to the kind of process described by
Arthurs and Kelly. However, it must be admitted that insofar as the question
at issue is one of nomenclature, it probably does not have a once-and-for-
all right answer. Such questions are, in the end, a matter of taste.

What is not a matter of taste is the fact that processes of the kind
considered are of some importance in the field of quantum optics. This is
true irrespective of the name by which one chooses to describe them. If the
quantities introduced in this paper are to be of any interest, they must be
justified in the same way, in terms of their usefulness. Braginsky and Khalili
have shown that the relatlonshlp they derive is a useful tool in the analysis
of single measurements of x or p separately. It seems not unreasonable to
suppose that the relationships derived in this paper may be no less useful in
the analysis of simultaneous measurements of x and p together. At the least,
they seem worthy of further investigation.

APPENDIX

In Section 3 we rely on a proposition which forms the basis of the
argument in both Arthurs and Kelly (1965) and Arthurs and Goodman (1988).
However, in neither case do the authors actually prove this proposition. Since
it is not entirely obvious, we give the proof here.

Proposition. Let ¥, %, be two Hilbert spaces and let 4 be a (possibly
unbounded) linear operator defined on the product space ¥; & J,. Let &
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C %1 X ¥, be the domain of A. Let | ) be a fixed vector € ¥,. Suppose
that %; X 1dp ) C D, and suppose also that

VXAV X o)y =0 (A1)
for all ) € #;. Then

WXROIAN' R d)y=0
for all ), 'y € H,.

Proof. The result is proved in essentially the same way as (for example)
Proposition 2.4.3 in Kadison and Ringrose (1983). Given arbitrary W), ')
€ ¥ we have the identity

R LA X ¢)
= S W) R PLAI + ) X )

= =) RGN — ) X
=i+ ) RGN + ) X )
+ 0 = ) RGN — i) X b))
Using equation (Al), we deduce
YR AN X )y =0
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